Thus any nondistributive lattice is a sublattice of a lattice with unique complements which a fortiori is not a Boolean algebra.
The actual construction gives a somewhat more general result; namely, that every partially ordered set P can be imbedded in a lattice with unique complements in such a way that least upper bounds and greatest lower bounds, whenever they exist, of pairs of elements are preserved. In particular, if P is unordered the construction yields the free lattice with unique complements generated by P. The' initial step consists in imbedding P in a lattice L so that bounds, whenever they exist, of pairs of elements of P are preserved. L is the free lattice generated by P in the sense that the only containing relations in L are those which follow from lattice postulates and preservation of bounds. Thus this imbedding represents the other extreme from the usual bound preserving imbedding by means of normal subsets. The methods employed are an extension of those used by Whitman [l, 2] in the study of free lattices. Indeed, if P is unordered, L is precisely the free lattice studied by Whitman. Next, the lattice L is extended to a lattice 0 with unary operator, that is, a lattice over which an operation a* is defined with the property (a) a -b implies a* = b*.
It is to be emphasized that the equality symbol denotes lattice equality which is not necessarily logical identity. Again the only containing relations in 0 are those which follow from lattice postulates, preservation of bounds, and from (a). Curiously, the main difficulties in obtaining an imbedding lattice with unique complements occur in connection with the structure of 0.
In the third step, a sublattice N is selected from 0 over which a new operation a* is defined for which (a) holds and also having the property 03) (a*)* = a.
Thus N is a lattice with reflexive, unary operator. N is again free in the sense that the only containing relations in N are those which follow from lattice postulates, preservation of bounds, and the two properties (a) and (ß).
Finally, a homomorphic image M of N is constructed in which the operation a* becomes a complementation.
It follows from the structure theorems of 0 that this complementation is unique. Furthermore, M contains P and is indeed the free lattice with unique complements generated by P.
At each stage, necessary and sufficient conditions are determined that a sublattice of the free lattice with operator be free. When the results are applied to the free lattice with unique complements having two generators, one gets the following theorem:
The free lattice with unique complements generated by two elements contains as a sublattice the free lattice with unique complements generated by a denumerable set of elements.
Since the free Boolean algebra generated by a finite number of elements is always finite, this theorem shows clearly how far lattices with unique complements may differ from Boolean algebras.
1. The free lattice generated by a partially ordered set. We begin with a fixed, but arbitrary, partially ordered set P of elements d, b, c, • • -and inclusion relation =. If a^b and b^a, we write a =b where the equality is in general not logical identity. a>b denotes proper inclusion. If two elements a and b have a least upper bound or greatest lower bound in P, it will be denoted by l.u.b.(a, b) or g.l.b.fa, b) respectively.
In the construction which follows we shall use as building stones the three formal operation symbols \J, (~\, and *. Definition 1.1. Operator polynomials over P are defined inductively as follows:
(1) The elements a, b, c, ■ ■ ■ of P are operator polynomials over P. (2) If A and B are operator polynomials over P, then AKJB, Af~\B, and A* are operator polynomials over P.
In short, the operator polynomials over P are all finite, formal expressions which can be obtained from the symbols a, b, c, ■ ■ • by the operation symbols KJ, C\, and *. The set of all operator polynomials will be denoted by 0.
Those operator polynomials which are obtained from the symbols a, b, c, ■ ■ • by means of the two operations W and (~\ are called lattice polynomials. Thus the symbol * does not occur in a lattice polynomial. The set of all lattice polynomials will be denoted by L. Definition 1.2. The rank r(A) of an operator polynomial is defined inductively as follows:
(1) r(A)=0i{ AGP. The identity relation is clearly reflexive, symmetric, transitive, and preserves the operations VJ, f~\, and *.
Before going further, we must make precise what is meant by "the free lattice generated by a partially ordered set P." Now it is clear that if the lattice is to be of any use in imbedding problems it must be more restrictive than the free lattice generated by P as an unordered set. Indeed, it is desirable that the lattice properties of P be preserved (2) . Moreover, this can be done most simply by requiring that least upper bounds and greater lower bounds of pairs of elements of P shall be preserved whenever they exist(3). Hence, by "the free lattice generated by P" we shall mean the free lattice^) generated by P and preserving bounds, whenever they exist, of pairs of elements of P.
(s) It might be suggested that the free lattice generated by P should preserve only the order in P. However, this seems to be too general for most purposes since even if P were a lattice, union and crosscut in the free lattice would be distinct from the union and crosscut in P. This suggests that a better term for the free lattice generated by P and preserving order would be "the completely free lattice generated by P." (3) Another possibility would be the requirement that finite bounds be preserved whenever they exist. This would, however, introduce a great many complications into the notation while all of the essential difficulties seem to occur in the case of bounds of pairs. Let us notice that if P is unordered, any of these requirements yield the free lattice generated by P in the usual sense.
(4) We shall frequently have to consider the most general lattice (sometimes with operator) generated by a set 5 and satisfying certain additional restrictions. The existence of such a lattice, which we shall call the free lattice (with operator) generated by 5 and satisfying the given restrictions, follows from general existence theorems on free algebras. Namely, let A be an algebra consisting of a set of operations 0, a set of relations R, and a set of postulates P. A polynomial over 5 is any formal expression in elements of 5 obtained by finite application of the operations 0. A formula consists of two polynomials connected by a relation R. We assume further that the postulates P are either formulas or implications between formulas. Then the set of all polynomials p over 5 can be made into an algebra A by defining p\Rpi if and only if the formula piRpi can be deduced as a formula from the postulates P. Furthermore A is the most general algebra generated by 5 in the sense that any other algebra generated by 5 and satisfying the postulates P is a homomorphic image of A.
Since this section treats only lattices generated by P, we may restrict our attention to the set L of lattice polynomials. Those lattice polynomials which are significant in P can be characterized as follows: Definition 1.4. The lattice polynomial A of L has a value v(A) in P if and only if, inductively, It is clearly sufficient to show that A^Bin) implies A~^B(n-\-\). If A^B(l), then since B=B we have 73=73(1) and A ^73(2) by (1) of (ii).
Let us suppose that it has been shown that A = 73(ra) implies A = 73(«4-l) for all n<m. Let A =P(w). Then B^B(m) by the induction assumption. Hence A^B(m-{-l) by (1) of (ii). The lemma follows by induction. Now A\JB = A, B since A\JB = ^, B(2) by (2) of (ii). Similarly ^, B = ^ HP.
If X^A, B then X = ^l(/w) and X*iB{n) for some w and n by (iii). Hence by Lemma 1.2, X~ZzA(k) and X = P(/e) where & = max (m, n). But then X^AVJB(k + l) by (4) of (ii). Hence X = ^WP by (iii). In a similar manner .4, B = X implies A C\B = X and L is thus a lattice under A^B.
(6) Since equality need not be logical identity, v(A) may be a multivalued function from L to P. However, the various values of v{A) are equal in P. Theorem 1.2. Lis the free lattice generated by P. That is, L is the most general lattice generated by P and preserving bounds, if they exist, or pairs of elements of P.
Proof. L is clearly generated by P. Now let l. Thus the above statement follows by induction. Also since bounds are preserved, o=2> in P implies a = 6 in the free lattice. Hence v(A)^v (B) in P implies A =v(A) =z>(P) = 73 in the free lattice generated by P. Thus A = 73 (1) implies A^B in the free lattice. But since (1), (2), (3), (4), and (5) of (ii) follow from lattice properties, it is clear that A = 73(ra) implies A =/3 in the free lattice. Hence L is isomorphic to the free lattice generated by P. It follows from Theorem 1.2 that a = 6 in P implies a = & in L. However, if L is to contain P as a sub-partially ordered set we must verify that a~ = 6 in P implies o~ = Z> in L (~= means "does not contain"). Now it is well known that the normal subsets of P form a lattice which preserves the ordering of P and all bounds which exist. In particular, it preserves the bounds of pairs of elements of P. Also a~ = b in P implies a~ = b in the lattice of normal subsets. Hence if we take that sublattice of the lattice of normal subsets which is generated by P we have a lattice containing P, preserving bounds of pairs whenever they exist, and such that a^^b whenever a~=-& in P. But since L is the free lattice generated by and preserving bounds of pairs, it follows that o~ = b in P implies o~ = b in L.
This proof, though short, is non-constructive and it seems worthwhile to give a constructive proof which at the same time exhibits something of the structure of the lattice L. Theorem 1.3. L contains P as a sub-partially ordered set.
Proof. From Theorem 1.2 it follows that a^b in P implies ß = 6 in L. Before proving the converse we need a result on finite vectors with whole number components.
Consider the vector ju= \m\, • • • , wz*} where m, is a positive integer, u is said to undergo a reduction if some w< is omitted or is replaced by a vector {ma, • * * , mu\ where m^<mt. The set of finite vectors is partially ordered by defining a vector to be contained in p if it is obtained from /u by a series of reductions. The set of finite vectors so ordered satisfies the descending chain condition. To prove this we must show that after a finite number of reductions we always reach a vector which can be reduced no farther; that is, a vector of the form {l}. Let us make an induction on m = max(«i, • • • , mk). If m -\, the result is trivial. Now suppose it holds for all vectors whose maximum is less than m. If k -1, then any reduction gives a vector whose maximum is less than m and the result follows by the induction assumption. Now let us make a second induction upon k and assume that the statement holds for all vectors of maximum m and length less than k. If nti is untouched, a series of reductions must end since it is a series of reductions on {mi, • • • , jk<+i, • • • , mk\ whose length is less than k. Hence after a finite number of reductions each nii has either been omitted or replaced by smaller numbers so that the resulting vector has a maximum which is less than m. For this vector the above statement holds by the induction assumption. Hence the result holds for all vectors of maximum m by induction on k, and induction on m completes the proof. Now consider a chain = v(Ak+i) in P. Thus since mk> \ we can assume that either (2) or (3) of (ii) in Definition 1.5 holds for Ak7zAk+\{mk). Now let Ar be the first member of the chain such that (2) or (3) of (ii) holds for Ar^Ar+i(mr). Suppose f = 1.
If (2) case may be, we get a chain whose vector is properly contained in ju. Thus n(i4i)^ii(4)i+i) in P by the induction assumption. But since the descending chain condition holds in the set of vectors it follows that v(Ai) =f(^4*+i) for every chain (1) for which v(A\) and v(Ak+i) exist. Now let a*zb(m) where a, bGP-Then v(a) =a and v(b)=b and by the result we have just proved we conclude that a = 6 in P. Hence a~ = ö in P implies a~^£> in L and the proof of the theorem is complete. P will frequently be specialized to two extreme cases. Corollary 1. If P is a lattice under the partial ordering, then L is isomorphic to P.
Corollary
2. If P is an unordered^1) set S, then L is the free lattice generated by S.
In connection with sublattices of the free lattice generated by an unordered set, Whitman [2] has proved the following quite surprising theorem. Theorem 1.4. The free lattice generated by three elements contains as a sublattice the free lattice generated by a countable set of elements.
We shall give here a new proof of Whitman's result since similar methods will be used later in proving analogous theorems for lattices with operators. Lemma 1.3. Let © consisting of elements A, B, C, ■ ■ ■ be a subset of the free lattice generated by an unordered set S. Then the sublattice /_,© generated by © is isomorphic to the free lattice generated by © as an unordered set if and only if (1) A = P implies A =B if A, P£©, (2) 21W93=4 implies 21 ^A or %^A if 21, 93GZ© and AG®, (3) A = 21H93 implies A^% or A^% if $8GL® and A £©.
The necessity of (1) is obvious. In view of footnote 5, the necessity of (2) and (3) follows from the fact that (2) and (3) of (ii), Definition 1.5, are the only possibilities which can occur respectively in these two cases. On the other hand if (1), (2) and (3) shown, (1) of (ii) may be replaced by (1)' A^B(n -\). For a general partially ordered set, however, the transitivity of the new partial ordering cannot be proved on the basis of (1)'. On the other hand, it is (1) of (ii) which makes the proof of Theorem 1.3 difficult. «■«iU«, and 93G© or 93="93In932. If 2l=-2IiU2I2 and 93G®, then 21=93 in Z® by (2) . If 21G© and 93=-93,n932 then 21=93 in Z© by (3). Finally if 2l=2fiW2I2 and 93=93in §32 then one of 21=93!, 2l=932, 2li=93, 2I2=93 holds by (ii), Definition 1.5. Hence by the induction assumption 21=93 in Z©. Thus 2t =93 in Z© implies 21 =93 in Z© and since Z© is the free lattice generated by <S as an unordered set it follows that Z© and Z© are isomorphic. Now let Z be the free lattice generated by the three unordered elements a, b, c. Let us set Xo=a and define inductively xn^ aVJ (br\(cVJ (an(b\J (cf\ *_.))))).
Lemma 1.4. The following relations hold in L:
(1) 3cnU6~^c;c~ = *_"n&.
(2) o, i~ ^ i,nc; «_"Uc~ I a, J.
For xnyJb = c-*xn 2: c-*aW2> = c and a = a;nnc->a = b(~\c. But both of these conclusions are impossible. Dual proofs give the other relations.
For cU(6nA-)^aU(iHF)-^U(inJ)7. Now akJ(fir\X)^b-^a KJX^b-»aUc = ö which is impossible. a^J(br\X) = F->oU6^c which is impossible, a = of^ F->a = örV which again is impossible. Hence the only possibility according to (ii), Definition 1.5, is br\X^bP\Y.
It is clear that Lemma 1.5 holds under cyclic permutations of a, b, c.
Clearly Xi = xo-Suppose we have shown that xn -%Xn-i, then since the operations W and C\ preserve order we have xn+i^xn. Similarly #_"_i =■;*;_". Now suppose #n=#n+i. Then by successive application of Lemma 1.5 we get #»-i=*n. Hence eventually we have a=^i = &P\c which is impossible. Similarly #_"_i~ = x-n. Thus the containing relations in the chain are all proper.
The elements of the countable generating set are defined explicitly as follows:
Clearly an~^c since aUJ^*"UJ^a". Lemma 1.7 . an = ömimplies m=n.
For a"^am->bVJ(x"r\(x-n\Jc))^xmr\(x-mKJc). Now an = £__,"VJc->a" = c which is impossible.
Also a" = #m->bVJx-n\Jc^xm^a-+a;_BUc = a and 6=a:m C\ (x-m\Jc) ->b = xmfV, both conclusions contradicting Lemma 1.4. Hence For StW83 = xn->StW33 = a-^St=a or 33=<x-*3l=cAJö or 83=aWö-»3l=*" For suppose that a" = 3tn83 but a"~ = 3t and a"~=83. But then 6U(*"n(x_BUc)) = 31083 and o~ = 3tnS3^x"n(x_BUc) = 3tn83-»*_"Wc = 3t r^83 = ö which contradicts Lemma 1.4. Lemmas 1.10 and 1.12 give conditions (2) and (3) of Lemma 1.3 and Theorem 1.4 follows. 2. Lattices with unary operator. In the previous section, the containing relation in P has been extended to the set L of lattice polynomials. We now extend the containing relation in L to the set O of all operator polynomials. In order to connect the operator polynomials with the set of lattice polynomials another definition is required. Although A is defined for all lattice polynomials, it should be noted that it is also defined for some operator polynomials which are not lattice polynomials. For example, a(~\b* is defined and indeed aC\b*=a.
In an exactly dual manner, the lower cover *A is defined. (ii) A^>B(n) where «>1 if and only if one of the following hold:
A=AAJA2 where Ai^B(n-l) or A2^B(n-l), (3) A=AXC\A2 where A{Q_B(n-\) and A2^B(n-1), (4) BmBxSJB* where A^B^n-l) and A^B2(n-l), But then A =Ai\JA2^C(k + l) by (2) of (ii). Hence A^C by Definition 2.2.
(3) A=AX(~\A2 where Ax^B(m-l) and 42373(m-l). But then Ai^C and A2~Q.C by induction. That is A{^_C{i) and A2^C(j) for some i and j. But then 4i3£(&) and A2^C(k) where & = max(i, j). Hence A=A\C\A2 2C(* + 1) by (3) of (ii). Thus A 3 C by (iii).
We leave possibilities (4), (5), and (6) and Cx~^Bx(n -1). But then by induction 4i2Ci and Ci34i. That is Ai'D&ii) and GS^j) for some i and j. But then 4i3G(&) and Ci2^4i(^) where fe=max(», j). Thus Ax*^Cx*(k+l) by (6) (2) by (2) Corollary. 4~B implies 4*~/3*.
It should be noted that as a consequence of Theorem 2.5, the polynomials of the form 4* form an unordered set. This is in marked contrast to orthocomplementation where A 3/3 implies 73' 34'. Theorem 2.6. 4*373nt7*/and only if ,4*373 or A*^C.
Proof. Since *A does not exist, the only possibility of Theorem 2.2 is (5).
That is, 4*373 or 4*3C.
Theorem 2.7. 73UC34* if and only if 7334* or C34*.
Proof. The proof is the dual of that of Theorem 2.6. .<423/i*(» -1), then by induction 4i contains a sub-polynomial P* such that Pi~B.
But Pi* is then a sub-polynomial of A and B\C^B. Since possibilities (4) and (5) Hence by assumption a sub-polynomial A* of either G or G exists such that AiC^A. A* is clearly a sub-polynomial of G Possibility (6) cannot occur since A*KJB^X* for every X. Thus by induction 4*UP3G» and P~3C implies that a sub-polynomial ,4 * of C exists such that A i~4. If A *\JB 3 C and B ~ 3 C, then A *\JB 3 C(n) for some w and the conclusion of the theorem follows. Theorem 2.14. If C^A*f\B and C~2P, then a sub-polynomial A? of C exists such that A\~A.
Proof. The proof is the dual of that of Theorem 2.13. In order to characterize the lattice 0 another definition is needed. Definition 2.7. A lattice has a unary operator if to each x is ordered an element x* such that (a) x = y implies x* = y*.
In view of Theorem 2.5, corollary, we have the following theorem.
Theorem 2.22. 0 is a lattice with unary operator.
As in the previous section, by the "free lattice with unary operator generated by P" we shall mean the free lattice with unary operator generated by P and preserving bounds, if they exist, of pairs of elements of P. Theorem 2.23. 0 is the free lattice with unary operator generated by P.
Proof. Clearly the free lattice with unary operator generated by P consists of all operator polynomials over P. Furthermore since O is a lattice with unary operator, 4 35 in the free lattice implies A 3 B in 0. Now if 4 375(1), then either A =B, in which case A 35 in the free lattice with unary operator, or *A and B exist and *A = B in L. But since L is the free lattice generated by P we have *A 3 B in the free lattice with unary operator. From Definition 2,1 it follows that A 34 3*4 in the free lattice with unary operator whenever the covers exist. But then 4 3*4 3 53/3. Now suppose we have shown that In concluding this section, we give two theorems on the free lattice with unary operator generated by an unordered set 5. The first theorem answers the question: When is a sublattice of the free lattice again a free lattice? Theorem 2.24. Let O be the free lattice with unary operator generated by the unordered set S. Let A, 5, C, • ■ • be elements of a subset © of 0 and let 21, 93, 2, • • • be the elements of 0©, the operator sublattice of 0 generated by the elements of ©. Then Ob is isomorphic to the free lattice with unary operator generated by @ as an unordered set if and only if Proof. Since 5 is unordered, v(A) exists only if 4 GS and hence the second part of (i), Definition 1.5, can be omitted. But then the second part of (i), Definition 2.2, can be omitted and hence also the second part of (1) Application of Theorem 2.24 to the free operator lattice generated by a single element gives a particularly interesting conclusion. Theorem 2.25. The free lattice with unary operator generated by a single element contains as a sublattice the free lattice with unary operator generated by a countable set of elements.
Proof. Let 0 be generated by the single element a. A set of operator polynomials is constructed inductivelyasfollows:4i=aWa*,4"+i=aW(a*W4"*)*.
Now suppose that 4j34i
where *>1. Then aKJ(a*VJA*_1)*^>a\Ja*^.a*.
Since a~2a* we have a*U44*_i3a* and hence a*W4f_i~a. But then sDa*, which contradicts Theorem 2.10. Hence Ai~~3Ai, *>1, and similarly 4i~34,-, *>1. Suppose Ai34, where i,j>l and iAj. Then öW(o*W4f_!)* 3aW(a*U4f_i)*3(a*W4*_1)* and (o*U4JL i)*a(<**U4£,)* by Theorem We show next that 213a* implies 2I3&. Since 4,3a, all i, this is trivial if 21=4,-. Using induction, if 2l = 2liU2l2 or 2l=2Iin2r2, then 213a* implies 2li3a* or 2l23a* or both. But then 2ti3a or 2I23a or both and hence 213a.
If 21=21* then 213o* implies 2li^a contrary to a~32Ii. Hence the conclusion follows by induction.
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In a similar manner one shows that 2l2(a*W4 <*)* implies 212a. For if 21=4,-for some j, the result is trivial. (5) hold.
Since (1), • • • , (5) of Theorem 2.24 have been verified it follows that the operator sublattice generated by A\, A2, ■ ■ • is the free lattice with unary operator generated by a countable set of symbols.
It may be noted that a*, (aKJa*)*, (oW(aWo*)*)*, • • • is a sequence of operator polynomials which also generates an operator sublattice which is a free lattice with a countable set of generators. However, this sequence is too special for use in later work.
3. The free lattice with reflexive unary operator. We begin defining a reflexive operator. Definition 3.1. A lattice with unary operator is reflexive if (jS) (A*)*~A.
It will also be convenient to speak of reflexive elements of 0. Definition 3.
2. An element A of 0 is reflexive if 4~(X*)* for some X GO. Now let us denote by N the set of all operator polynomials of 0 which contain no reflexive sub-polynomials.
Lemma 3.1. TV contains P.
For ac^(X*)* implies o2(X*)* which is impossible by Theorem 2.2.
Lemma 3.2. If A EN, then every sub-polynomial of A is in N. It is clear that although A7 is a sublattice of 0, it is not closed under the operation *. However it is possible to define an operation A' over N such that A' agrees with A* if A* EN and also has the property a. Definition 3.3. Let A be an operator polynomial of N.
(i) HA* EN, let A '=4*.
(ii) If A*EN, then A' is defined inductively as follows:
( 1) In this case we set4'=4i. (1) and (2) give A' in N by induction. In case (3), 4' is a sub-polynomial of 4 and hence is in N. (4i')*~(4i')*U(42')*~4iU42=4. Also (A')* belongs to N since otherwise {A{\JAl)* is reflexive and thus (A{)*~L4i \JAl)* is reflexive contrary to {AI)*EN. Thus the lemma holds if A =AAJA2 and an exactly dual proof gives the case A=AiC\A2. Now let A =A^. Then A'=Ai and (A')*=A!*=A.
Hence 4~(4')* and (4')*GAT. Thus the lemma holds if r{A) =n and induction upon n completes the proof.
Lemma 3.7. If A EN, then (A')'~A.
First let A*EN. Then A'=A*. But then (A')* is not in 7Y and since A'=A* we have (A')'=A. Hence (A')'c^A in this case. If A*EN, then by Lemma 3.6, Ac~(A')* where (A')*EN. But then L4')' = L4')* by Definition 3.3. Hence (A')'~A.
Theorem 3.2. N is a lattice with reflexive unary operator.
Proof. Lemmas 3.5 and 3.7 show that (a) and (/3) hold for the operation A'. In agreement with our previous usage of the word "free," by the free lattice with reflexive unary operator generated by the partially ordered set P we shall mean the free lattice with reflexive unary operator generated by P and preserving bounds, whenever they exist, of pairs of elements of P. Theorem 3.3. N is the free lattice with reflexive unary operator generated by P.
Proof. Let N' denote the free lattice with reflexive unary operator generated by P. Let us note that N' consists of the set of operator polynomials over P. Furthermore the relations between these polynomials are determined by the lattice postulates and (a), iß). Also, if any relation holds among the polynomials as elements of O, it must also hold as elements of N' since O is the free lattice under lattice postulates and (a) by Theorem 2.23. Now since A7 is a sublattice of O, if A 33 in N we have A 373 in O and hence A 33 in N'.
Thus to complete the proof we have only to show that every operator polynomial is equivalent in N' to an operator polynomial in N. Let us note first that this is trivially true for polynomials of rank zero. Suppose it has been shown for all operator polynomials of rank less than n. Let r(A)=n. and B EN implies A*~B' in N'. Hence it follows that N is isomorphic to N'. In the previous section we answered the question: When is a sublattice of the free lattice with unary operator generated by an unordered set again free? We turn now to the similar problem for lattices with reflexive unary operator. We shall need a new tool for the investigation. Let us restrict P to be an unordered set 5. Then N is the free lattice with reflexive unary operator generated by S. Let © consisting of operator polynomials A, B, • • • be a subset of N. We desire necessary and sufficient conditions that the operator sublattice generated by © be isomorphic to the free lattice with reflexive unary operator generated by © as an unordered set. Now we may clearly assume that A*EN for each A £©, since otherwise we replace A by A' and the resulting set generates the same operator sublattice while (A1)*EN by Lemma 3.6. @ is said to be regular if it has this property. We have then the following theorem.
Theorem 3.4. The operator sublattice N% of N generated by a regular subset © is isomorphic to the free lattice with reflexive unary operator generated by © as an unordered set if and only if the operator sublattice of 0 generated by © is isormorphic to the free lattice with unary operator generated by © as an unordered set. ) it is again non-reflexive in 0. Thus 21 belongs to N and is a polynomial over ©. Hence 21 GA7© and A7© and A7© consist of the same operator polynomials of 0. Since both are sublattices of 0, they are clearly lattice isomorphic.
We have still to show that the unary operation is preserved. But if 21GA7©, then 21*GA7© if and only if 21*GA/© since A7© and A7© are identical.
But in both A7© and TV©, 21'= 21* if 21* belongs to the set. Hence the unary operation is preserved in this case. Now by induction, if 2l = 2liW2l2 then in either 7Y© or TV©, 21'= 21/, or 2l2', or 21i" W2I2' according as 2r~2Ii, or 2I^2l2, or both. Hence again the operation is preserved. 2t = 21ir>\212 is treated similarly. If 21 = 21*, then in both cases 21' = 2li and hence the unary operation is the same in both A7© and A7©. Thus A7© and A7© are isomorphic and the proof of the theorem is complete. As a consequence of Theorem 3.4 one proves the following theorem.
Theorem 3.5. The free lattice with reflexive unary operator generated by a single element contains as a sublattice the free lattice with reflexive unary operator generated by a denumerable set of elements.
Proof. If a is the single generator let us define 4i=aUa*, An+i=a \J(a*VJA*)* as in the proof of Theorem 2.25. Since A\, A2, ■ ■ • generate a free lattice with unary operator in 0 according to Theorem 3.4 it is only necessary to prove that A\, A2, • • • is a regular set. But A^X* implies X*3a which is impossible by Theorem 2.10. Hence A, is regular for each i and A\, A2, • • • generate a free lattice with reflexive unary operator on a denumberable set of elements. 4. The free lattice with unique complements. In order to construct the free lattice with unique complements generated by P, the lattice A7 must be still further restricted. We further define u~DA 3z for all polynomials A EM. M is thus a partially ordered set with unit element u and null element z. It is also convenient to set u' = z and z' = u. The lemma is trivial if A = u or z so we may suppose that A is an operator polynomial. Let us treat first the case where A*EN. If A*EM, then A* must contain a singular sub-polynomial.
But sirice every proper sub-polynomial of A* is a sub-polynomial of A and A EM it follows that 4* itself is singular. If A* is union singular, then by Lemma 4.1, A*^X, X* where X, X*EN. But then by Theorem 2.5, A*~X* and X*^X. Hence by Theorem 2.16, l(X) >l(X) which is impossible. Similarly A* is not crosscut singular. Thus A* is not singular and hence A*EM. But then A'^A*EM and the lemma holds in this case.
We proceed with an induction on r(A). If r(A) = 0, then A*EN and the lemma holds as above. Suppose that the lemma holds for all A such that r(A) <n. Let r(A)=n. Now we may suppose that A*EN since the case A*EN has been treated above. If A=A\JA2 we have three possibilities:
( This is impossible and hence this case cannot occur.
(3) 5DI* F*D4. As in case. (2) , this leads to a contradiction by an exactly similar argument.
(4) BDI* F*DB. In this case as in (1) we get X*~F*~P and X^Ỹ 4. Since X*£N we have X'=X* and thus 7i~Z*~X'~yl'.
Hence in every case B~4' and the proof is complete. It is clear that the unit and null element of the imbedding lattice will be different from the unit and null element respectively of the original lattice.
The lattice M may be further characterized as follows:
Theorem 4.5. M is the free lattice with unique complements generated by P and preserving bounds, whenever they exist, of pairs of elements of P.
Proof. Let M' denote the free lattice(') with unique complements generated by P and preserving bounds, whenever they exist, of pairs of elements of P. M' clearly consists of all operator polynomials over P. Thus every A GO is'equivalent in M' to an operator polynomial of M or to u or z and hence the proof is complete.
Corollary. If P is a lattice L, then M is the free lattice with unique complements generated by L.
(7) The existence of M' follows from general existence theorems on free algebras (cf. footnote 4).
As in the previous sections, we shall determine conditions under which an operator sublattice of the free lattice with unique complements generated by an unordered set 5 is again free. Theorem 4.6. Let O be the set of operator polynomials over the unordered set S. Let © be a regular subset of M which generates in 0 a free lattice with unary operator. Then the operator sublattice M% of M generated by © is isomorphic to the free lattice with unique complements generated by © as an unordered set if and only if the following two conditions hold: (1) X* where 21, SBGilffe, XGO->2tU93=2*, £* -where £*G-M©. (2) X, X*32ini8 where 21, 33G-M©, XGO-*!, 3t*22in93 where Z*GMb.
Proof. Let us suppose first that Mb is isomorphic to the free lattice with unique complements generated by © on an unordered set. Then if 21U933X, X* where 21, Sß£M<s, XGO, we have 2tV93^w in Mb and hence 2lV93^w in the free lattice with unique complements generated by ©. Since 21, $&GMb, it follows that 2IU933J, •£* where X is a polynomial over @. But by Theorem 2.11 we can take 1* to be a sub-polynomial of 21W93. Now 21W93^3£*. Hence £* is a sub-polynomial of either 21 or 93 and hence belongs to Mb-Thus (1) holds and a dual proof gives (2) .
To prove the sufficiency, let 0' be the sublattice of 0 generated by © and let M'b be the subset of O' containing no polynomials having reflexive or singular sub-polynomials.
Then M'b is the free lattice with unique complements generated by © as an unordered set. Under the assumption of (1) and (2) we have to show that Mb is isomorphic to M©. Now since the containing relations in 0 and O' are the same, the operator polynomials in Mb clearly belong to M©. Hence we have only to show that the elements of Af© belong to Mb and that the unary operations correspond. But since the unary operation is unique complementation this follows from the lattice isomorphism. Thus we have only to show that the elements of JW© belong to Mb-Now if 21G©, then trivially 2lG^f© and we may use induction upon the rank of 21 over ©. Since 21G-M© we have 21GA7© and hence 21GA7© by Theorem 3.4. Let 2l = 2IiW2l2. By the induction assumption 2li and 2I2 belong to M@. Hence if 2I£A*©. 21 is union singular; that is, 21 = 2liW2l23X, X* where XGO. But then 21iU212=2X, X* where X*GM® by (1) . Thus 2I = 211VJ2l2 is singular over 0' contrary to 21G-&T©. Hence 21G-M© in this case. 21 = 2liU2I2 is treated similarly. If 2l = 21i*, then n,*^X*-^n^X*-^X*^X which is impossible.The proof is thus complete. It is an interesting fact that, contrary to the case of lattices with reflexive unary operator, a regular set A, B, C, • ■ • of M may generate a free lattice with unique complements as a sublattice of M and yet not generate a free lattice with unary operator as a sublattice of 0. Indeed, consider the operator polynomials A =a\J(a\Jb*)*, B=aVJb*. It can be verified that A and B generate a free lattice with unique complements in M. However, since B\JB* 2-4, by Ai, A2, ■ • • is isomorphic to the free lattice with unique complements generated by A\, A2, • • • as an unordered set. The proof is thus complete. Theorem 4.7 shows with particular clarity how far lattices with unique complements differ from Boolean algebras. For the free Boolean algebra generated by n symbols contains 22" elements and hence does not contain as a sublattice the Boolean algebra generated by k symbols for k >n. On the other hand, the free lattice with unique complements generated by just two symbols contains as a sublattice the free lattice with unique complements generated by n symbols for any positive integer n.
